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ABSTRACT
Ultra-long-duration gamma-ray burst GRB 111209Awas found to be associated with a very luminous
supernovae (SNe) SN 2011kl. The physics of GRB 111209A/SN 2011kl has been extensively studied
in the literures, but does not settle down yet. By investigating in detail the characteristics of the
X-ray light curve of GRB 111209A, coupled with the temporal and spectral features observed in
SN 2011kl, we argue that a short-living supramassive magnetar can be responsible for the initial
shallow X-ray emission. Then the electromagnetic extraction of spin energy from a black hole results
in the steeply declining X-ray flux when the magnetar collapses into a black hole (BH). A fraction of
the envelope materials falls back and activates the accretion onto the newborn BH, which produces
the X-ray rebrightening bump at late times. During this process, a centrifugally driven baryon-rich
quasi-isotropic Blandford & Payne outflow from the revived accretion disk deposits its kinetic energy
on the SN ejecta, which powers luminous SN 2011kl. Finally, we place a limitation on the magnetar’s
physical parameters based on the observations.
Keywords: gamma-ray burst: individual (GRB 111209A) — stars: magnetars — stars: oscillations
1. INTRODUCTION
Gamma-Ray Bursts (GRBs) are the most luminous explosions in the universe since the big bang, and now are
commonly divided into short GRBs and long GRBs (LGRBs), with a separation around T90 ≈ 2s (where T90 is the
time window containing 90% of the energy released, Kouveliotou et al. 1993). Short GRBs have been widely thought
to be produced by mergers of compact binary systems composed of two neutron stars (NSs) or a NS and a black hole
(BH) (Eichler et al. 1989; Paczynski 1991; Narayan et al. 1992). The directly evident of compact binary mergers being
the progenitors of short GRBs is that, recently, the coincident detection of a gravitational wave event GW170817 and
its electromagnetic counterparts, i.e., a short GRB 170817A and a kilonova (Li & Paczyn´ski 1998; Abbott et al. 2017;
Goldstein et al. 2017; Arcavi et al. 2017; Pian et al. 2017; Smartt et al. 2017; Kasen et al. 2017; Kasliwal et al. 2017).
Whereas LGRBs are commonly believed to originate from the death of massive stars (MacFadyen, & Woosley 1999;
MacFadyen et al. 2001), and the solid confirmation came with the secure spectroscopic association of a broad-lined
Type Ic SN (2003bh) with GRB 030329 (Hjorth et al. 2003; Stanek et al. 2003). Alternatively, some authors also
argued that massive stars in compact binaries are a likely channel for some fraction of LGRBs (e.g., Levan et al. 2006;
Church et al. 2012; Cano et al. 2017).
In the last several years, a handful of GRBs lasting longer than 103 s have been discovered and are now called
ultra-long GRBs (ULGRBs). ULGRBs’ durations are statistically different from that of LGRBs (Levan 2015;
Gompertz, & Fruchter 2017). If ULGRB originates from the core collapse of massive stars, its central engine falls into
two classes: a hyperaccreting stellar-mass BH (Woosley 1993) or a NS with millisecond rotation period and an ultra-
strong magnetic field (Usov 1992; Dai & Liu 2012; Zhang & Me´sza´ros 2001; Cano et al. 2017; Gompertz, & Fruchter
2017).
But what physical mechanism and central engine are responsible for the ULGRBs is now unclear yet. GRB 111209A,
one of very rare ULGRBs, was found to be associated with SN 2011kl, one of the most luminous GRB-associated
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supernova (Greiner et al. 2015). The abnormal luminous SN 2011kl is intermediate between canonical GRB-associated
supernova and superluminous supernova (SLSNe; Quimby et al. 2011; Gal-Yam 2012; Gao et al. 2016; Wang et al.
2017), and resembles SLSNe than any classical known GRB-SN, such as the slope of its’s continuum resembles those of
SLSNe but extends further down into the rest-frame ultraviolet implying a low metal abundance (Greiner et al. 2015;
Mazzali et al. 2016; Kann et al. 2019). Such a fact may provide a striking clue to the nature of ULGRBs associated
with SLSNe.
Greiner et al. (2015) argued that the decay of 56Ni can not be responsible for powering the luminosity of SN 2011kl
since a large 56Ni mass is required, which is inconsistent with the low metal abundance. It suggests that an additional
energy input is required. Furtherly, they found that the bolometric light curve of SN 2011kl can be reproduced by a
model where extra energy is injected by a magnetar, which has also been proposed as the energy source of SLSNe. This
means that the central engine of GRB 111209A may be a magnetar. Alternatively, other models, e.g., 56Ni cascade
decay model, magnetar spin-down model, ejecta-circumstellar medium interaction model, and jet-ejecta interaction
model, are also proposed to interpreted the light curve of a SLSNe (detailed information refered to Wang et al. 2019).
However, when investigating the X-ray afterglow observations of GRB 111209A in detail, one could found that the
X-ray light curve exhibits a sharply decay at the end of the shallow decay phase, and next follows a small bump
(the same feature also seen in it’s corresponding optical light curve Gompertz, & Fruchter 2017). By analyzing the
time-resolved spectra from the XMM-Newton data within the small bump phase, Stratta et al. (2013) revealed that
a harden power-law component during this phase is need to accommodate the data, suggesting an additional energy
input to explain this observation.
A steep decay phase at the end of shallow decay, followed by a X-ray bump, has been usually thought to the collapse
of a supermassive magnetar into a BH when it spins down (Troja et al. 2007; Rowlinson et al. 2010, 2013; Zhang
2014; Chen et al. 2017). Therefore, the physical picture, that the central engine of GRB 111209A should initially
be a magnetar and then the magnetar collapses into a BH after it spins down, should prefer accommodating these
observations. If so, however, another question arises, how such a short-lived magnetar could be responsible for the
energy source powering the luminous SN 2011 as pointed out in Greiner et al. (2015)?
Gao et al. (2016) proposed a collapsar model with fallback accretion to explain the energy source of the luminous
SN 2011kl, in which the progenitor star has a core-envelope structure with the bulk of the mass in the core part
collapsing into a rapidly spinning BH and the rest mass forming a accretion disk around the BH. The prompt emission
of GRB 111209A could be powered by the Blandford & Znajek (Blandford & Znajek 1977, hereafter BZ) mechanism.
The energy and angular momentum could also be extracted magnetically from accretions disks, by centrifugally
launching a baryon-rich wide wind/outflow through the Blandford & Payne (Blandford & Payne 1982, hereafter BP)
mechanism. This quasi-isotropic outflow would further deposit its kinetic energy on the SN ejecta, which produces the
luminous SN 2011. Similarly, in a merger model, such a BP-driven outflow from a newborn BH’s disk can heat up,
push the ejecta, and produce a merger-nova as bright as a supernova (Ma et al. 2018).
Inspired by Gao et al. (2016), together with the comprehensive observations of GRB 111209A/SN 2011kl, we propose
another new interpretation of both the X-ray light curve of GRB 111209A and the energy source of SN 2011kl in this
paper. The physical picture is as follows: the initially shallow decay can be explained by that the r-mode gravitational-
waves emission dominated the spin-down evolution of the magnetar as seen in short GRB 090510 (Lin & Lu 2019),
then the following abruptly decay phase results from the extraction of the black hole rotational energy through the BZ
mechanism when the magnetar loses its angular momentum via r-mode gravitational-waves radiation and then spins
down until the centrifugal force is insufficient to support the mass to collapse into a BH (Lasky et al. 2014). Finally,
the small X-ray bump at late time is likely due to fallback accretion into the newborn BH, as seen in other GRBs, such
as GRB 121027A and GRB 070110 (Wu et al. 2013; Chen et al. 2017). Meanwhile, the BP outflow from the newborn
BH’s disk would further deposit energy into the SN ejecta, which powers the luminous SN 2011kl.
This paper is organized as follows. We firstly summarize the observations of GRB 111209A/SN 2011kl in Section
2. In Section 3, we describe the models applying to explain the observations of GRB 111209A/SN 2011kl. In section
4, we briefly summarize our results and discuss the corresponding implications. Throughout the paper, the standard
notation Qx = Q/10
x with Q being a generic quantity in cgs units and a concordance cosmology with parameters
H0=71 km s
−1 Mpc−1, Ωλ = 0.73, Ωm = 0.27 are adopted.
2. OBSERVATIONS OF GRB 111209A/SN 2011KL
3GRB 111209A was discovered by the Burst Alert Telescope (BAT) on board Swift at T0=2011:12:09-07:12:08 UT.
The prompt emission of GRB 111209A showed an exceptionally long duration and was monitored up to T0 + 1400 s.
GRB 111209A was also detected by the Konus-WIND. But as shown in the ground data analysis of the Konus-Wind
instrument, this burst started about at 5400 s before T0 and showed a weaker broad pulse of emission seen from
T0-5400 s to T0-2600 s (Golenetskii et al. 2011). According to the Konus-Wind results, it had a fluence of (4.86 ±
0.61)×10−4erg ·cm−2 corresponding to an isotropic gamma-ray energy Eγ,iso = 4piD2Lfγ/(1+z) = (5.82±0.73)×1053
erg (Golenetskii et al. 2011).
Swift/XRT observations started at 425 s after the BAT trigger and observed a bright afterglow at a posi-
tion of RA(J2000)=00h 57m 22.63s and Dec(J2000)=-46d 48′ 03.8′′, with an estimated uncertainty of 0.5 arcsec
(Hoversten et al. 2011). The X-ray afterglow is also revealed by XMM-Newton in the period between T0+56,664 s and
T0+108,160 s. The optical counterpart of GRB 111209A was detected by Swift/ UVOT in the optical-UV bands and
other ground based instruments, such as the TAROT-La Silla (Klotz et al. 2011) and the GROND robotic telescopes
(Kann et al. 2011). The early spectroscopy of the transient optical light of GRB 111209A was obtained with both Very
Large Telescope (VLT)/X-shooter (2011 December 10 at 1:00 UT) and Gemini-N/GMOS-N (Gao et al. 2016). A red-
shift of z = 0.677 was provided by identifying absorption lines and emission lines from the host galaxy (Vreeswijk et al.
2011). Observationally, the X-ray afterglow of GRB 111209A can be divided into mainly four phases: (I) an initial
shallow decay until ∼7.5 ks, with three brigh flares superimposing on the underlying smooth component; (II) a sharply
drop from 7.5 ks to ∼ 40 ks with a power law index of α = 4.9 ± 0.2 (Gendre et al. 2013); (III) a noticeable X-ray
bump(Gendre et al. 2013; Yu et al. 2015), similarly resemble of the fall-back bump seen in GRB 070110 (Chen et al.
2017); (IV) a final shallow decay, to be usually interpreted as standard external forward shock emission.
By comprehensive analyses of the data from the X-shooter instrument on the Very Large Telescope (Vernet et al.
2011) near the peak of the excess emission (29 December 2011), Greiner et al. (2015) found that SN 2011kl is spec-
troscopically associated with ultra-long GRB 111209A. Their further investigations showed that this supernova with
a peak luminostiy ∼ 3.63× 1043 erg s−1 is more than three times more luminous than type Ic SNe. The time of peak
brightness of SN 2011kl is ∼ 14 days, slightly larger than the average (13.0 days with a standard deviation of 2.7 days;
Cano et al. 2017) of other GRB-SNe. At the same time, its spectrum appears rather featureless, resembling those of
super-luminous SNe, but extends further down into the rest-frame ultraviolet. Next, Kann et al. (2019) performed the
supernova fitting together with considering a filter-dependent host-galaxy component at very late times, and derived
the bolometric light curve of SN 2011kl, as shown in Fig. (2).
3. THE MODEL APPLIED TO GRB 111209A/SN 2011KL
3.1. The collapse of magnetar due to r-mode GW radiation
Phenomenally, a smooth broken power-law function is usually invoked to fit the X-ray light curve (e.g., Liang et al.
2007, 2008). The function reads
F =F0[(
t
tx,b
)ωαx,1 + (
t
tx,b
)ωαx,2 ]−1/ω, (1)
where ω = 3, describes the sharpness of the break. We here firstly employ the model-independent function to fit the
first two segments of the X-ray light curve of GRB 111209A, and obtain that αx,1 = 0.66 ± 0.01, αx,2 = 4.03 ± 0.05
and tx,b = 7800 s (fixed), with the statistical measure value of R-Squared=0.93.
Physically, to capture the properties of the X-ray emission obtained above, we adopt a magnetar model with an
r-mode GW radiation as described below in a simple manner (detailed information refers to Ho 2016).
A newborn magnetar with spin period P can extract extra energy to power a GRB light curve via its rotational
energy
Erot = IΩ
2/2 = 5.68× 1052erg (P/1ms)−2, (2)
where Ω (= 2pi/P ) and I (≈ 2.88 × 1045gcm2 ) are the magnetar angular spin frequency and moment of inertia,
respectively.
If the magnetar spins down via a combination of electromagnetic dipole (MD) and gravitational wave (GW) radiation,
then the evolution of the magnetar rotational energy Erot can be described as
E˙rot = IΩΩ˙ = E˙em + E˙gw, (3)
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where E˙em and E˙gw are the energy loss rate due to MD radiation and GW radiation, respectively. The MD radiation
power is given by (see, e.g. Ho 2016)
E˙em=−βI sin2 θΩ4
=−2.87× 1047erg s−1 sin2 θB214(P/1ms)−4, (4)
where B14 is the surface magnetic field strength, θ is the angle between the MD moment and rotation axis (see,e.g.
Pacini 1968; Gunn & Ostriker 1969; Spitkovsky 2006), β ≡ B2R6/6c3I = 6.40×10−14sB214, and a magnetar with mass
M = 2.5M⊙ and radius R = 12 km is adopted
1. Then the time-scale over which the magnetar loses energy via MD
radiation is
τem =
∣∣∣∣ErotE˙rot
∣∣∣∣
Ω0
= 1.98× 105s sin−2 θB−214 (P0/1ms)2. (5)
Supposing that the magnetar has an r-mode oscillation with a constant saturation amplitude α (Owen et al. 1998),
which corresponds usually to a highest value of the braking index n = 7, the energy loss rate and timescale of the GW
radiation are respectively (Owen et al. 1998; Ho 2016)
E˙gw,r=−γrIΩ8 (6)
=−4.86× 1047erg s−1 α2−2(P/1ms)−8,
τgw,r=
∣∣∣∣∣ ErotE˙gw,r
∣∣∣∣∣
Ω0
=
1
2γrΩ60
=1.17× 105 s α−2
−2(P0/1ms)
6, (7)
where γr ≡ (96pi/152)(4/3)6(GMR4J˜2/c7I˜)α2. Note that J˜ (= 0.0341) and I˜ (= I/MR2 = 0.4) are derived by using
a NS with mass M = 2.5M⊙ and radius R = 12 km.
GWs from a neutron star can be generated in two ways, by a static quadrupolar deformation (‘mountain’) or by
a fluid oscillation (Lasky & Glampedakis 2016). If GW radiation comes from an r-mode oscillation with constant
saturation amplitude in the neutron star, Equation (3) becomes
IΩΩ˙ = −βIΩ4 − γrIΩ8. (8)
Dividing both sides of Equation (8) by IΩ, one have
dΩ
dt
= −βΩ3 − γrΩ7. (9)
When r-mode GW radiation losses dominate the spin-down, i.e., the first term on the right-hand side of Equation (9)
can be neglected, one can have a solution of Equation (9) as (also see Ho 2016)
Ω(t) = Ω0
(
1 +
3t
τgw,r
)− 1
6
, (10)
where τgw,r is the characteristic timescale of the spin-down for a magnetar due to GW radiation. Correspondingly, the
electromagnetic luminosity can be obtained by substituting Equation (10) into Equation (4) (Lin & Lu 2019), i.e.,
Lx=Lx,0
(
1 +
3t
τgw,r
)− 2
3
(11)
1 Alford & Schwenzer 2014 argued that for any compact NS with mass of 1M⊙ ≤ M ≤ 2.5M⊙, and radius of 10km ≤ R ≤ 15km, the
moment of inertia (I) is uncertain within at most an order of magnitude. Further, Ho 2016 also pointed out that the differences in the
mass and radius will not change the energy-loss rate due to r-mode GW radiation significantly. Therefore our results are not sensitive to
these parameters.
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Lx,0 = 2.87× 1047erg s−1ηf−1b sin2 θB214(P0/1ms)−4, (12)
where η is the efficiency in converting the spin-down energy into the X-ray luminosity and fb is the beaming factor of
the GRB outflow (Metzger et al. 2011). In this paper, we take θ = pi/4 (Dai & Liu 2012; Dai et al. 2016).
Eventually, the magnetar would evolve to a state that the centrifugal force is not enough to support the mass
(Lasky et al. 2014, 2019). In this situation, the magnetar will collapse and form a rotating BH. The rotational energy
of the newborn BH can be extracted by the BZ mechanism, which can be characterized by a simple exponential decay
law (Nathanail et al. 2016), i.e.,
LBZ ∝ e−t/τBZ , (13)
where
τBZ =200(
Beh
1015
)−2(
M
2.5M⊙
)−1s (14)
is the time-scale for the spinning down procedure and Beh is the magnetic field around the event horizon.
Then, to reproduce the initial X-ray afterglow emissions of GRB 111209A, we resort to the following model-dependent
functon,
Lx(t)=

Lx,0
(
1 + 3tτgw,r
)− 2
3
t < tcol
L
BZ,0
exp(− tτ
BZ
) t ≥ tcol
, (15)
where tcol is the time when the magnetar collapses to a BH and is a free parameter in our fitting. The python package
of lmfit 2 is used to perform non-linear optimization analysis, in which the emcee function is invoked to search
the best fit parameters for our model. The best fitting parameters are read as Lx,0 = (5.05 ± 0.55) × 1049erg s−1,
tcol = 7488± 496 s, τgw,r = 265± 45 s, and τBZ = 3296± 20 s with χ2r = 1.48. One would see that the initial smoothly
shallow decay phase with a random superimposition of some larger pulse structures (as seen discussion below), and
a few larger pulses would produce larger χ2r (Lu et al. 2018). Fig. (1) shows the best model’s compatibility with the
data, in which the red solid line represents the magnetar model with an r-mode gravitational-wave emission (equation
11) while the magenta color dotted line shows the component described by equation 13.
With the resulting characteristic timescale for r-mode gravitational-waves spindown, τgw,r = 265± 45 s, we obtain
the initial spin period of the magnetar, P0 = 0.36 ∼ 0.78 ms (this period is much similar to that obtained from
GRB 090510 in Lin & Lu 2019) by adopting typical saturation amplitude α = 0.01 ∼ 0.1 (please referred to the last
section for much more detailed discussion)(Alford & Schwenzer 2014; Ho 2016; Dai et al. 2016). Assume that the mass
of the newborn BH inherits with that of the original magnetar with 2.5M⊙, we obtain the magnetic field on the event
horizon, Beh ∼ 3.5× 1014G.
3.2. Fall-back Accretion and Modeling the Light Curve of SN 2011kl
When a supramassive magnetar collapses to a BH, a fraction of the envelope materials would fall back and activate the
accretion onto the BH at late times, which is widely discussed in the GRB literature (Kumar et al. 2008a,b; Wu et al.
2013; Gao et al. 2016; Chen et al. 2017). Consequently, the X-ray bump of some GRBs at late times has been considered
as fall-back accretion onto the new-born BH. Some analytical and numerical calculations suggested that the fall-back
accretion rate initially increases with time as M˙early ∝ t1/2 until it reaches a peak value at tp (MacFadyen et al.
2001; Zhang et al. 2008; Dai & Liu 2012). Following Chevalier (1989), the late-time fall-back accretion behavior would
follows ˙Mlate ∝ t−5/3. Therefore, we use a smooth broken power-law function of time to describe the evolution of the
fall-back accretion rate as (Wu et al. 2013)
M˙ = M˙p
[
1
2
(
t− t0
tp − t0
)−αrs
+
1
2
(
t− t0
tp − t0
)−αds]−1/s
, (16)
2 https://lmfit.github.io/lmfit-py/
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where αr = 1/2, αd = −5/3, and s describes the sharpness of the peak. We take s = 3 in this paper.
The BZ jet power from a Kerr BH with mass M• and (or dimensionless mass m• = M•/M⊙) (Blandford & Znajek
1977) and angular momentum J• can be given by (Lee et al. 2000; Li 2000; Wang et al. 2002; McKinney 2005; Lei et al.
2008; Lei & Zhang 2011; Lei et al. 2013)
LBZ = 1.7× 1050a2•m2•B2•,15F (a•) erg s−1, (17)
where a• = J•c/(GM
2
• ) is the BH spin parameter and F (a•) = [(1 + q
2)/q2][(q + 1/q) arctanq − 1] with q = a•/(1 +√
1− a2•). B• is the magnetic field strength around the BH horizon. Since a massive torus of material holds the
magnetic field on the event horizon, one can estimate its value by equating the magnetic pressure on the horizon to
the ram pressure of the accretion flow at its inner edge (Moderski et al. 1997),
B2•
8pi
= Pram ∼ ρc2 ∼
M˙c
4pir2•
, (18)
where r• = (1 +
√
1− a2•)rg is the radius of the BH horizon and rg = GM•/c2. We can then obtain the BZ power as
a function of mass accretion rate and BH spin as
LBZ = 9.3× 1053a2•m˙X(a•) erg s−1 (19)
with
X(a•) = F (a•)/(1 +
√
1− a2•)2. (20)
The observed X-ray luminosity is connected to the BZ power through
ηbzLBZ = fb,bzLX,iso, (21)
where ηbz and fb,bz are efficiency of converting BZ power to X-ray radiation and the jet beaming factor, respectively.
The BH may be spun up by accretion and spun-down by the BZ mechanism. For a Kerr BH in the BZ model, the
evolution equations are given by (Wang et al. 2002)
dM•c
2
dt
= M˙c2Ems − E˙B (22)
and
dJ•
dt
= M˙Lms − TB, (23)
where TB is the total magnetic torque described as
TB = 3.36× 1045a2•q−1m3•B2•,15F (a•) g cm2 s−2. (24)
Considering a• = J•c/(GM
2
• ), by incorporating Equations (22) and (23), the evolution of the BH spin can be
expressed by
da•
dt
= (M˙Lms − TB)c/(GM2• )−
2a•(M˙c
2Ems − E˙B)/(M•c2), (25)
where
Ems =
4
√
Rms − 3a•√
3Rms
(26)
and
Lms =
GM•
c
2(3
√
Rms − 2a•)√
3
√
Rms
(27)
are the specific energy and angular momentum corresponding to the inner most radius rms of the disk
(Novikov, & Thorne 1973), respectively. Here, Rms = rms/rg is the radius of the marginally stable orbit in terms
of rg and can be described as (Bardeen et al. 1972),
Rms = 3 + Z2 − [(3− Z1)(3 + Z1 + 2Z2)]1/2 (28)
7for 0 ≤ a• ≤ 1, where Z1 ≡ 1 + (1− a2•)1/3[(1 + a•)1/3 + (1− a•)1/3] and Z2 ≡ (3a2• + Z21 )1/2.
For Equation (19), one can calculate the peak accretion rate
M˙p ≃ 1.1× 10−9LX,iso,45a−2• X−1(a•)η−1bz,−2fb,bz,−2M⊙ s−1, (29)
where ηbz,−2 = ηbz/10
−2 and fb,bz,−2 = fb,bz/10
−2. From Equation(16), we can estimate the total fallback/accreted
mass (Wu et al. 2013)
Mfb ≃
∫ tp
t0
M˙dt ∼ 2M˙p(tp − t0)/3
≃ 4.6× 10−7LX,iso,45a−2• X−1(a•)η−1,bz,−2fb,bz,−2M⊙.
In the following, we fit the fallback accretion model and extra power-law (PL) function to the late-time small X-
ray bump in GRB 111209A by the python package lmfit as above, where PL function can be responsible for the
standard external forward shock component, and the best parameters are t0 = 27000 s (fixed), tp = 57624± 5490 s,
Lx,iso = (1.95 ± 0.37)× 1045 ergs−1, and the PL index Γ = −1.06± 0.03 with χ2r = 0.989. The best models are also
shown in Fig. (1).
The initial setup for a newborn BH can be obtained by assuming that the newborn BH inherits the mass and
angular momentum from the supramassive magnetar. With the above parameters for a magnetar, we get an initial
BH mass m• = 2.5 with a initial spin a• ∼ 0.02 by using J• = 2piI/P•, where P• corresponding to the late time
(t0 ∼ 27000s). According to fallback accretion model, we obtained that the the peak accretion rate and total fall-back
mass are M˙p = 6.43 × 10−5M⊙ and Mfb = 1.31M⊙ by considering the radiation efficiency ηbz = 0.01 and beaming
factor fb,bz = 0.02 (Wu et al. 2013; Gao et al. 2016), respectively. The outermost radius of the fallback material could
be essentially estimated as rfb = 5.9× 1011 cm, suggesting that the progenitor of GRB 111209A may be a Wolf-Rayet
stars, the same as proposed by previous authors (Greiner et al. 2015; Gao et al. 2016).
If the X-ray bump is due to the contribution from the BZ jet according to the fallback BH disk. Then when
some envelope materials fall back and activate the accretion onto the BH, a centrifugally driven baryon-rich wide
wind/outflow from the revived accretion disk through the BP mechanism would deposit energy on the SN ejecta,
which produces the high luminosity of SN 2011kl as argured in Gao et al. (2016). The BP outflow luminosity could
be estimated as (Armitage & Natarajan 1999; Gao et al. 2016; Ma et al. 2018)
LBP =
(BPms)
2r4msΩ
2
ms
32c
, (30)
where BPms and Ωms are the poloidal disk field and the Keplerian angular velocity at inner stable circular orbit radius
(rms), respectively. The angular velocity Ωms is given by
Ωms =
1
M•/c3(χ3ms + a•)
(31)
where χms ≡
√
rms/M•. The the poloidal disk field, B
P
ms, is given by the following formula (Blandford & Payne 1982),
BPms = B•(rms/rH)
−5/4, (32)
where rH =M•(1 +
√
1− a2•) is the horizon radius of the BH.
When the initial total thermal energy of a SN could be neglected, the photospheric luminosity of the SN powered
by a variety of energy sources could be expressed as (detailed information refers to Arnett 1982; Wang et al. 2015a,b)
L(t)=
2
τd
e
−
(
t2
τ2
d
+
2R0t
vτ2
d
) ∫ t
0
e
(
t′2
τ2
d
+
2R0t
′
vτ2
d
)(
R0
vτd
+
t′
τd
)
×Linj(t′)dt′, (33)
where R0 and Linj are the initial radius of the progenitor and the generalized power source, respectively. Here we take
Linj = LBP. τd = (2κMej/βvc)
1/2 is the effective light curve timescale, where κ = 0.07cm2 g−1, Mej and v are the
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Thomson electron scattering opacity, the ejecta mass, and the expansion velocity of the ejecta, respectively. β ≃ 13.8
is a constant that accounts for the density distribution of the ejecta.
Then, we directly fit Equation (33) to the bolometric light curve of SN 2011kl through the same method as above.
Being suffer severe degeneracy between the two parameters, Mej and v, we fix a value of v ∼ 20000 km/s obtained by
(Greiner et al. 2015; Wang et al. 2017; Kann et al. 2019) in their search of best fit parameters, and then yield that,
tp = 993786± 342731 s, Lx = (4.745± 1.656)× 1043 erg s−1, and Mej = 3.22± 1.47M⊙. Shown in Fig. (2) is the best
modeling result for the light curve of SN 2011kl.
4. SUMMARY AND DISCUSSIONS
Based on the observed features exhibiting in the X-ray light curve of GRB 111209A, coupled with the tem-
poral and spectral features observed in the unusual super-luminous SN 2011kl, we give the physical picture for
GRB 111209A/SN 2011kl as follows: the central engine of ultra-long GRB 111209A is initially a supramassive mag-
netar. As its angular momentum is lost duing to gravitational radiation, the magnetar spins down, which powers
the initial shallow X-ray emission. Until its centrifugal force supply is insufficient to support the mass, the magnetar
collapses to form a BH, then the electromagnetic extraction of spin energy from the newborn BH results in the steeply
declining X-ray flux. Next, a fraction of the envelope materials falls back and activates the accretion onto the newborn
BH, which produces the X-ray rebrightening bump at late times. At the same time, the centrifugally driven baryon-rich
quasi-isotropic wind from the revived accretion disk via BP mechanism deposits its kinetic energy on the SN ejecta,
which powers super-luminous SN 2011kl.
Benefited from the high quality of XMM-Newton data, Stratta et al. (2013) found that there exists a shallow decay
phase with decay slope of ∼ 0.18 following the sharply decay phase. Thus, the preference of an addition of a second
harder component over the standard power-law soft spectrum is proposed to accommodate the data in the shallow
decay phase. The observational feature could be naturally explained in the context of the physical picture mentioned
above. One could find from Fig. (1) that the combination of the two components, external forward shock and fallback
accretion component, contributes to the shallow temporally decay phase (∼ (3− 7)× 104 s), i.e., the additional hard
power-law component comes from the fallback accretion on the newborn BH, while the soft power-law component from
the standard external forward shock.
To test whether the initial shallow X-ray emission favors a fireball external shock model, we extracted the spectral
index of βx,1 = 0.17± 0.01 using Swift/XRT data in the time interval of [T0 + 253, T0 + 1073] s from the Swift online
repository (Evans et al. 2009). According to the synchrotron closure relationship between the temporal and spectral
indices (e.g.,Willingale et al. 2007; Stratta et al. 2013), we obtain a much shallower expected temporal index during
this phase, αx,exp1 = 3βx,1/2 = 0.26 ± 0.01 or αx,exp1 = (3βx,1 − 1)/2 = −0.16 ± 0.01 for νm < ν < νc or ν > νc ,
respectively, comparing to the observed temporal index (αx,1 = 0.66± 0.01), which suggests that the magnetar central
engine mention above is favored over the fireball external shock model.
Alternatively, there are other interpretations for a sharply decay phase observed in X-ray light curve of GRBs, such
as reverse shock emission or high latitude emission. Here we perform a test in a simple situation. We firstly extracted
the spectral index of βx,2 = 0.71
+0.078
−0.077 in the sharply decay phase of GRB 111209A from the Swift online repository
(Evans et al. 2009). According to a generic external shock model, electrons in the reverse shock region can scatter
the synchrotron photons (synchrotron self-inverse Compton emission, SSC) to the early X-ray (e.g., Kobayashi et al.
2007; Fraija et al. 2017). With the derived electron spectral index p = 2.42+0.16
−0.15 , one could obtain the predicted
temporal decay index of αx,exp2 = (3p + 1)/3 = 2.75
+0.16
−0.15 for ν
IC
m < ν < ν
IC
c in the case of thin shell, whereas
in the case of thick shell, the expected temporal decay index would be αx,exp2 = (5p + 1)/5 = 2.62
+0.16
−0.15. Clearly,
the observation does not support the reverse shock interpretation. Even for the situation of high latitude radiation
dominates (Kumar & Panaitescu 2000; Zhang et al. 2006; Kobayashi & Zhang 2007), one also would obtain a shallower
temporal decay index of αx,exp2 = 2+βx,2 = 2.71
+0.078
−0.077 comparing to the observed temporal index of αx,2 = 4.03±0.05.
However, we also note that the value of αx,2 is very sensitive to the assumed zero time point t0, which is directly
constrained from the data (Zhang et al. 2006; Kobayashi & Zhang 2007). Therefore, we could not rule out the curvature
effect interpretation.
Usually, a newborn magnetar spins down through a combination of MD and GW radiation (e.g., Sarin et al. 2018;
S¸as,maz Mus, et al. 2019). If a magnetar is a strong enough emitter of GWs, the GW energy loss will cause the magnetar
spin frequency to decrease at a faster rate than by pure MD radiation at early times, thus the shape of the light curve
of GRB powered by the rotational energy of the magnetar will be significantly altered from that expected from the
9model which only considers MD radiation (Ho 2016). Therefore, GW signal could be indirectly identified from the
evolutional features observed in the early-time X-ray afterglow of GRBs (Fan et al. 2013; Ho 2016; Lin & Lu 2019).
At same time, one could place a constraint on the magnetar’s surface magnetic field strength. Our analysis above
shows that the model of an r-mode GW radiation from a spinning down magnetar agrees with the early-time smooth
X-ray afterglow observation of GRB 111209A, which indicates that the GW radiation energy-loss rate should be larger
than MD radiation energy-loss before the megnetar collapses to form a BH, as pointed out by Ho (2016). According
to equations (4) and (6), we get
E˙gw,r
E˙em
=1.69 sin−2 θα2−2B
−2
14 (P0/1ms)
−4(1 +
3tcol
τgw,r
)−
2
3 > 1.
(34)
Based on equation (34) with the information from observation of GRB 111209A, tcol and τgw,r, Fig. 3 shows the
relationship between magnetic field strength B and initial spin period P0 for given θ and α. By taking a typical value
of θ = pi/2 (Lander & Jones 2019), we could limit the physical parameters of the magnetar powering GRB 111209A to
a narrow range, i.e., 0.36 ms ≤ P0 ≤ 0.78 ms and 3.1 G ≤ B14 ≤ 6.8 G, if a typical range of 0.01 ≤ α ≤ 0.1 is adopted
(detail information refered to Owen et al. 1998; Yu et al. 2009; Alford et al. 2012; Dai et al. 2016). Interestingly, with
the characteristic timescale τBZ = 3296s (see section 3.1), we obtained the magnetic field on the event horizon of the
newborn BH, B14 ≃ 3.5 G, which is consistent with that obtained from the magnetar, suggesting that the newborn
BH should also inherit the magnetic field from the supramassive magnetar in the initial setup of the newborn BH, in
addition to inherit the mass and angular momentum from the supramassive magnetar (Chen et al. 2017).
The values of B and P0 of magnetars that powers short GRBs, could also be derived by fitting a simple spin-
down model to the X-ray plateau observed in the afterglows of some short GRBs (see Rowlinson et al. 2013). For a
comparison, we also plot the data onto Fig. 3, and find that the B of GRB 111209A is smaller than those of four short
GRBs with redshift measurements. Does it suggest that long GRBs tend to have weaker magnetic field than short
GRBs? Theoretically, although a merger remnant in short GRBs is typical expected to have stronger magnetic field
which is amplified due to the magneto-rotational instability or dynamo as the objects merge, it needs to be furtherly
investigated in a larger sample in the future.
It is worth noting that there are two or three bright X-ray flares overlapped on the shallow decay phase of
GRB 111209A, which usually is discovered in the afterglow phase of GRBs and is known as a canonical compo-
nent in GRB X-ray afterglow. Those flares would mess the underlying smooth component and produce a large χ2r
during our fitting routines (also seen in Lu et al. 2018). This smooth component is commonly linked to the magnetar
spin-down radiation with different braking indexes (e.g., Ho 2016; Lasky et al. 2017; Lu¨ et al. 2017; Lin & Lu 2019;
Sarin et al. 2019; Lu¨ et al. 2019; Xiao & Dai 2019). A variety of efforts have been conducted to explain
the physical origin of the X-ray flares (e.g., Perna et al. 2006; Dai & Liu 2012; Dall’Osso et al. 2017;
Metzger et al. 2018). More recently, with a modified version of the magnetar propeller model with
fallback accretion, Gibson et al. (2018) provided a good fits to a sample of long GRBs with bright
flares in their X-ray light curves. Magnetohy-drodynamic simulations (Toropina et al. 2008) show that
if the magnetospheric radius rm is larger than the co-rotation radius rc and smaller than the light
cylinder radius rcl, the system enters a propeller regime, thus bright X-ray flares could be powered by
the delayed onset of the propeller regime (also see Illarionov & Sunyaev 1975; Bernardini et al. 2013;
Gompertz et al. 2014; Gibson et al. 2017), in which in-falling material is accelerated to super-Keplerian
velocities via magneto-centrifugal slinging and is ejected from the system. When the fallback accretion
rate is so small that rm exceeds rcl, both the fallback accretion and the propeller effect stop and the
torque exerted on the magnetar by the accretion disk disappears (Dai & Liu 2012). Metzger et al.
(2018) also argued that accretion should cause the magnetar to grow in mass, but how the star actually
accepts the matter being fed from the disk depends on some uncertain factors, such as whether the
polar accretion column is able to cool through neutrinos and settle on the magnetar surface (Piro&Ott
2011). Another uncertainty is the efficiency with which matter accretes in the propeller regime. In
this paper, we neglect possible accretion on to the magnetar and assume a constant central engine in
mass (also see Ho 2016). Centainly, which would make the magnetar take less time to collapse. So we
give an caution to readers who wants to use the collapse time tcol we obtain above.
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Figure 1. Demonstrations of the compatibility of the best-fit our models with the X-Ray light curve of GRB 111209A in
the rest-frame. Red solid line is the magnetar model which r-mode gravitational-wave emission dominant the spin down, the
magenta dot-dashed line is the theoretical exponential newborn BH spin down. The red dash-doted line and cyan dashed line
are the fallback accretion model and the standard external forward shock component, respectively, while the blue solid line
denotes the sum of the two emission components. The vertical dash line marks the location of the collapse time tcol.
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Figure 2. Modeling result for the light curve of SN 2011kl from Kann et al. (2019). The solid line denotes the BP-powered
model.
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Figure 3. Constraints on magnetar’s surface magnetic field strength B based on Equation (34) as a function of it’s initial spin
period P0 based on the observation of GRB 111209A. Stars present the different initial spin period P0 corresponding to different
r-mode amplitude (α = 10−4, 10−3, 10−2, 0.1, 1, from left to right, as marked in the figure) derived from Equation (7) with the
timescale τgw,r = 265 s. Circles are P0 and B for four short GRBs from Lasky et al. 2014; Rowlinson et al. 2013.
